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Lemma: Let the graph of the equation <£(p,#) = 0 have a
branch F, a portion of which, I\, extends to infinity. Let
FI be contained in the sector Oi ^ 6 ^ 6% where 02 — 0i <
2?r. Let $(p,0) change sign as I\ is crossed, and let there be
no other branch in this sector having this property. Then
no closed trajectory which encloses the origin can have points
in common with I\.

Proof: At points of I\ where F(p,0) 5* 0, the direction
field of integral curves is tangent to the radius vector drawn
from the origin. Since $>(p,0) changes sign as I\ is crossed,
the coordinate 6 on the integral curves has an extreme value
when the integral curve meets I\. Also, since there is no
other branch of 3>(p,0) = 0 in the sector, on crossing which
<£(p,0) changes sign, a trajectory entering this sector will
always remain within it. This proves the lemma.

Corollary: If the graph of the equation &(p,0) = 0 has a
unique branch in the sector 61 ^ 6 ^ #2, with one end at
the origin and the other extending to infinity, and if 3>(p,0)
changes sign on crossing this branch, then the origin is acyclic.

Let us now consider the system of differential equations

dx/dt =

dy/dt = + +

+ anxy +

+ bnxy +
(3)

with constant coefficients. The following theorem holds.
Theorem: In the system (3) a singular point of nodal type

cannot be enclosed by a closed trajectory.
Proof: Let us assume that the origin is a singular point of

nodal type, and let us introduce a system of polar coordinates.
The transformed system has the form

dp/dt =

&oisin20 +

dd/dt = b^ cos20

[a20cos30
&io)

(an +

&n)cos0

io) cos#

sin0 +

602 sin30]} (4)

OQI sin20

cos20 si

(6n — a20) X

— an) cos# sin2# —

Since x = 0, y = 0 is a singular point of nodal type, /2(0)
either vanishes identically or has a real zero, 0i. The equa-
tion /3(0) = 0, since it is a homogeneous polynomial of third
degree in sin0 and cos0, always has at least one real root.
If/2(0) = 0, if /8(0) = 0, or if /2(00 = 0 and/8(0i) = 0, than
the conclusion of the theorem follows from the fact that the
system (3) has at least one integral curve which is a straight
line through the origin. It thus remains to consider the
case when the equations /2(0) = 0 and /3(0) = 0 have no
common root. Clearly we can always find a sector (0i,02)
such that /2(0i) = 0 and /a (#2) = 0, and such that neither
/2(0) nor/3(0) vanishes for any other value of 0 in this sector.
Consider the curve p = — /2(0)//s(0) in this sector. With-
out loss of generality we may assume that the function
—/2(0)//s(0) is positive within the sector, since if it were
negative, we would consider the opposite sector (0X ± ?r,
02 ± TT), in which it would be positive. Clearly p = -^/2(0)/
/s(0) represents a branch of the graph of <£(p,0) = 0 for the
system (4), which has one end at the origin and the other
extending to infinity, wholly contained in a sector less than
2-7T. As for the variation of sign of $(p,0) on crossing this
branch, this follows from the linearity of <£(p,0) in p. There
are no other branches of ^(p,0) = 0 in this sector. Thus
the conditions of the corollary to the lemma are satisfied.
The theorem is proved.

Taking into account the fact that the system (3) can have
no more than two singular points of "focus" type,1 we ob-
tain, as a corollary to the theorem just proved, a known re-
sult:2 If the system (3) has three limit cycles, Z/c*(i = 1,2,3),
then it is impossible for Jc* H Ic

]' = 0 for i ^ j,i,j = 1,2,3.
(Ic

k denotes the domain enclosed by Lc
fc.)

We mention in conclusion that this problem was proposed
in the seminar of N. P. Erugin and Yu. S. Bogdenov. The
forementioned example was presented there.
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Convergence of a Generalized Interpolation Polynomial
V. N. RUSAK

IN his paper1 S. N. Bernshtein proved that the general-
ized polynomial which deviates least from zero on the in-

terval [—1,1] among all generalized polynomials of the form

xn + biXn~l + . . . + &„ , , A Ak

pk — X

- x)

Ui-i)
i = i \ a* /

has the representation

rr*(x) = C cos(n0

where C is a definite constant

- x
VI -

\/2pk(ak — x)

COS0 = X = 2

|pfc| > 1 k = 1, 2, . . ., n

We consider generalized interpolation polynomials on the
interval [—1,1] with respect to the system of Chebyshev
functions

Translated from Doklady Akademii Nauk Belorussia SSR
(Reports of the Academy of Sciences of the Belorussian SSR),
VI, no. 4, 209-211 (1962). Translated by Warren S. Loud. Pro-
fessor of Mathematics, University of Minnesota.

1 1 1
— x a% — x an — x

ai > 1 i = 1, 2, . . ., n
(2)
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that is, polynomials of the form

(3)

which satisfy conditions Rn(xv,f) = f(xv), where [xv = eos6v}in

are the zeros of the polynomial (!)*(*>= 1, 2 , . . . , n).
We obtain the following result.
Theorem: Let ao be a fixed number, and let

\Pk

\Pk (4)

0 < ae < 1 k = 1,2, . . .,n
Then for continuous functions on [ — 1,1] and any n we have

\f(x) - Rn(x,f)\ < En(f)

where En(f) is the best approximation of function f by poly-
nomials of system (2) on the interval [ — 1,1].

Corollary: Under condition (4)f the generalized interpola-
tion polynomials converge uniformly to functions continuous
on [-l,l]if^(/)lnn->Oasn-> oo.

Proof of the Theorem: Taking into account the representa-
tion (1) the Bernshtein interpolation polynomial (3) will
have the form

-J- \f/\

(x—Xk)rn'(xk)

where rn(x) — cos(nd + \f/).
Our theorem will be a direct consequence of Lebesgue's

theorem4 if we show that

\\Rn(x,f)\\= max

We first obtain

cos(n0
(x — Xk)rn'(xk)

(5)

sin(n#

= sm(nd +

* Polynomial (1) has n distinct zeros on the interval [—1,1] by
virtue of Chebyshev's theorem on polynomials with least de-
viation.

f Condition (4) is more restrictive than the criterion of closure
of system (2) in C [-1,1] (cf. Ref. 2).

\rn'(xk)\ =

We now estimate function <p(x) on interval [—1,1]:

I / \ I / \ ^ Pkak — 1
\<p(X)\ = <p(X) — > —:——————r
I I ^Pk&K- X )

(6)

= E

^ E

= 1 IP* {|«* - 1}

Pk +1

_ 1

A |p*|{N + i!
that is, by condition (4)

atfi ^ <p(x) ^ n/a

+

(7)

By virtue of (6) and (7) we obtain the following bound for
the norm:

rJ I v^v __

noio ^l |cos^ —

From the obvious relation

\n6k+i + ^(Ok+i) — n6k — &(0k)\ = TT

we obtain, taking (7) into account and the fact that

_d>
dd(n *} ^w

the bounds

k = 1, 2, . . ., n

The further estimate (5) is obtained in the same manner as
in the case of algebraic interpolation with respect to Cheby-
shev nodes (cf. Ref. 3).
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